Abstract. We prove that each polyhedral triangular face free map G on a compact 2-dimensional manifold M with Euler characteristic (M) contains a k-path, i.e. a path on k vertices, such that each vertex of this path has, in G, degree at most if M 6 = S 0 or does not contain any k-path. We show that for even k this bound is best possible. Moreover, we verify that for any graph other than a path no similar estimation exists.
Theorem 1.
(i) H is light in P(3; 3) if and only if H = P k , k 1.
(ii) '(3; 3; P k ) = 5k, k 1. Fabrici et al FHJW] have proved Theorem 2. (i) H is light in P(4; 3) if and only if H = P k , k 1.
(ii) '(4; 3; P k ) = 5k ? 7, k 8.
The rst main result of this paper is the following Theorem 3. (i) H is light in P(3; 4) if and only if H = P k , k 1.
(ii) 5b k 2 c '(3; 4; P k ) 5 2 k, k 2.
The rest of the paper is organized as follows. In Section 2 we give a proof of Theorem 3. In Section 3 we give an application of Theorem 3. Section 4 is devoted to our second main result, an analogue of Theorem 3 for polyhedral maps on compact 2-manifolds. In Section 5 we will discuss related problems.
Proof of Theorem 3
The proof of the theorem follows from the following three lemmas. Lemma 1. Each graph G 2 P(3; 4) with (G) k, k 2, contains a path P k , a path on k vertices, such that each vertex of this path has, in G, degree at most 5 2 k. Proof. Suppose there is a counterexample G on n-vertices and having maximum number of edges among all counterexamples on n vertices. Let us call vertices of degree > 5 2 k major vertices, the other ones we will call minor. Property 1. Each major vertex of G is incident only with quadrangular and/or pentagonal faces. Proof. If a major vertex B is incident with an r-face , r 6, then we can insert a diagonal joining the vertex B with a vertex D which is at distance 3 from B on the boundary of . The result is a new graph G 0 with one edge more than G, which is also a counterexample, a contradiction.
Let G 0 = G; G 1 ; : : : ; G p = G be a sequence of plane graphs de ned as follows: If G i , i = 0; 1; : : : , is a plane 3-connected graph having an r-gonal face , r 4, incident with two non-adjacent major vertices A and B we insert a diagonal d = AB into joining the vertices A and B. The result is a plane 3-connected graph G i+1 = G i + d. If Fig. 1 as an illustration of a decomposition of a triangle A 0 B 0 C 0 when k = 12 or k = 13. Case 2. z = 2 or 3. The construction is analogous the above one. The only di erence in this case is that the vertices A t ; B t and C t do not coincide but they are mutually distinct and have a common neighbour D which is also adjacent to the vertices A 0 ; B 0 and C 0 . Instead of the three quadrangles A 0 X t A t X 3. On 2-connected spanning subgraphs of planar 3-connected graphs In Bar1] Barnette proves that every planar 3-connected graph has a spanning tree of maximum degree at most 3. In Bar2] the same author considers the following problem: What is the minimum number d 0 such that every planar 3-connected graph has a spanning ON 3-CONNECTED PLANE GRAPHS WITHOUT TRIANGULAR FACES 5 2-connected subgraph of maximum degree at most d 0 ? He proves that 6 d 0 15. Gao Gao] has improved this result to d 0 = 6. Applying Theorem 3 with k = 4 we provide a simple proof of the following. Theorem 4. Every planar 3-connected graph G has a 2-connected spanning subgraph of maximum degree at most 10.
For the sake of completeness we repeat the most important de nitions. A graph is k-connected provided that between any two of its vertices there are k paths meeting only at their endpoints. An edge of a planar 3-connected graph G is shrinkable if shrinking it to a vertex produces a new planar 3-connected graph (when we shrink an edge, resulting multiple edges bounding 2-sided faces are coalesced). An edge is removable if removing it produces a new planar 3-connected graph. (When we remove an edge, two edges at any resulting 2-valent vertex are coalesced into a single edge). We shall say that a subgraph H of a graph G spans G if H contains every vertex of G. A planar 3-connected graph G is coverable provided that it can be spanned by a 2-connected subgraph H of G of maximum degree at most 10.
We shall use the following lemma of Barnette Bar2]:
Lemma 4. Let G be a planar 3-connected graph without triangular faces. Then any edge e of G is either shrinkable or removable. The proof of the following lemma is analogous to that of Bar2, Lemma 5] . The only di erence is the de nition of coverability by the number 15 instead of 10. We omit the proof.
Lemma 5. Let G be a planar 3-connected graph with n edges and a triangular face. If every planar 3-connected graph with less than n edges is coverable then G is coverable. Proof of Theorem 4. Our proof is by induction on the number of edges of G. If G has minimum number of edges then it is the graph of the tetrahedron and the theorem clearly holds. We assume the theorem to be true for all graphs with at most n edges and suppose G has n + 1 edges. If G has triangular faces then Lemma 5 shows that G is coverable. If G does not have triangular faces then, by Theorem 3, G has a 4-path P 4 = V XY Z having all vertices of degree 10. Let e be the edge XY of P 4 . By Lemma 1 e is either shrinkable or removable. We treat two cases. Case 1. e is shrinkable. We shrink e to a vertex W producing a graph G 0 with fewer edges which is coverable by a subgraph H 0 . Now we split the vertex W to produce the original graph G. This induces a splitting in H 0 . Let K be the graph produced from H 0 by this splitting. All vertices of K remains of degree at most 10. Subcase 1.1. No edge of K meets X. Therefore, in K, deg(V ) 9 and deg(Y ) 9 because both V and Y are of degree 10 in G. If we add the edges V X and XY to K we obtain a 2-connected spanning subgraph H of G whose maximum degree is at most 10. Subcase 1.2. Edges of K meet both X and Y . In this case, in K, deg(X) 9 and deg(Y ) 9. If we add the edge XY to K we obtain a required spanning subgraph H of G.
Case 2. e is removable. We remove e producing a graph G 0 with fewer edges which by induction, is coverable by a subgraph H 0 . We return the edge e and consider H 0 as a subgraph of G. Subcase 2.1. X (or Y or both) is of degree 3 in G. In this case H 0 does not meet X (or Y or both) and, in H 0 , deg(V ) 9, deg(Y ) 9 (or deg(X) 9, deg(Z) 9 or deg(V ) 9 and deg(Z) 9, respectively). We add the edges V X and XY (XY and Let in the sequel S g (N q ) be an orientable (a non-orientable) surface of genus g (q, respectively). We say that H is a subgraph of a polyhedral map G if H is a subgraph of the underlying graph of the map G.
The representativity, rep(G; M ), introduced by Robertson and Seymour RoSe] , of an embedded graph G into a compact 2-dimensional manifold M not homeomorphic to the 2-sphere is the minimum number of intersections of the graph G with a closed (topological) curve C drawn in M where C is taken over all not null-homotopic closed curves. It is routine to show that this minimum can be taken just over all simple closed curves which intersect G in vertices only and which moreover traverse each face of the embedding at most once.
Thus the representativity of any polyhedral map on M is at least three. On the other hand one can easy to see that each 3-connected graph G embedded into a closed 2-manifold M with rep(G; M ) 3 forms a polyhedral map on M .
A problem analogous to that one considered in Sections 1 and 2 can also be formulated for polyhedral maps on closed 2-manifolds as follows. (If such minimum does not exist we write '( ; ; H; M ) = +1.)
In JeVo] Jendrol' and Voss proved
